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Thermally Induced Vibrations of a Flexible Appendage
Attached to a Spacecraft

Kazuo Tsuchiya*
Mitsubishi Electric Corp., Amagasaki, Hyogo, Japan

Thermally induced vibrations of a flexible appendage attached to a spacecraft containing a rotor are in-
vestigated with particular emphasis on the behavior near resonance. Resonance will occur when the natural
frequency of the appendage is approximately equal to twice or half the nutational frequency. In the first case, it
is possible for the vibration of the appendage to be unstable through the instrumentality of the parametric ex-
citation. Criteria for the onset of the unstable motion of the appendage are established. In the second case, the
vibration of the appendage builds up to a finite value through the resonant exielation. The stationary amplitude
of the vibration is obtained. The method of averaging is employed to analyze the phenomena. Finally, the
dynamic characteristics of the system near the resonance are investigated numerically.

Introduction

I N the early stages of space exploration, spacecraft tended
to be small, mechanically simple, and essentially inflexible.

However, in recent years, spacecraft designers have evolved
very complex mechanical configurations to meet increasingly
demanding missions. Current designs of spacecraft employ
large, highly flexible appendages as antennas or solar arrays.
The presence of large flexible appendages on a spacecraft
necessitates re-examining the basic characteristics of
spacecraft dynamics. There is much information in the
literature on the effect of energy dissipations in the spacecraft
upon the attitude stability of this class of spacecraft.M On the
other hand, several papers have been published to explain
anomalous behaviors of this class of spacecraft due to
dynamic interactions of the flexible appendages with the
environments. Effects of deformations of flexible appendages
caused by solar heating, as well as gravitational, magnetic,
and aerodynamic effects can be quite significant. The despin
mechanism of a spinning spacecraft with flexible appendages
due to the action of solar radiation has been investigated by
Etkin and Hughes6 and by Hughes and Charches.7 Thermal
flutter phenomena of long flexible appendages have been
analyzed by a number of authors.8"10 Thermally induced
nutational body motions of a spinning spacecraft with flexible
appendages have been studied by the present author.11

The purpose of this paper is to predict new types of ther-
mally induced vibration of a flexible appendage attached to a
spacecraft containing a rotor. The explanation of the
phenomena is as follows. Consider a spacecraft composed of
a main body and a rotor (Fig. 1). A long flexible appendage is
attached on the spacecraft, so as to be parallel to the spin axis
of the rotor. Solar radiation is assumed normal to the spin
axis. When nutational body motions of the spacecraft exist,
the heat input of the appendage caused by solar heating
becomes a time periodic function. The periodic heat input
produces bending vibrations of the appendage. When the
natural frequency of the appendage is approximately equal to
twice the nutational frequency, it is possible for the vibration
to become unstable through the instrumentality of a
parametric excitation. Criteria for the onset of the instability
are determined in terms of the ratio of the natural frequency
of the appendage to the nutational frequency, the amplitude
of the nutational body motion, and certain constants. On the
other hand, when the natural frequency of the appendage is
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approximately equal to half the nutational frequency, the
thermal effect of solar heating occurs at a frequency near the
natural frequency of the appendage. The vibration , then,
gradually builds up, by the external resonance, to a certain
value. The stationary amplitude of the vibration of the ap-
pendage is obtained. Finally, the dynamic characteristics of
the system are investigated numerically for the resonance
modes.

Equations of Motion
A spacecraft, chosen for the analysis, is composed of a rigid

main body and a symmetric rotor, which is shown
schematically in Fig. 1 . A flexible appendage is attached to the
main body. A reference frame (X,Y,Z) is fixed in the main
body so that the Z axis is taken to be parallel to the spin axis
of the rotor, and the origin is coincident with the mass center
C of the undeformed total system. The appendage is modeled
as a thin rod clamped on the main body at Z=/z, which is
assumed to be flexible in the XZ plane and stiff in the YZ
plane. The angular velocity of the reference frame (X, Y,Z)
has the components (co/,a>2,a>j) in the (X, Y,Z) frame. A
relative rotational angle of the rotor to the main body is
denoted by 0. A bending deformation of the appendage is
denoted by u. The total kinetic energy T of the system is given
by

(1)

where //, I2, I 3 are the moments of inertia of the total system
in the undeformed state about X, Y, Z axes, respectively, IR is
the moment of inertia of the rotor about the Z axis, t is the
length of the appendage, and p is the mass per unit length of
the appendage. In the preceding derivation, the mass center of
the total configuration is assumed to remain fixed at the
origin of the frame (X, Y, Z). The elastic potential energy U
which arises from the strain energy due to deformations of the
appendage is given by

2U=B (2)

where B is the bending stiffness of the appendage. The energy
dissipation which results from elastic deformations of the
appendage is represented by Rayleigh's dissipation function
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Fig. 1 Spacecraft con-
figuration.

Fig. 2 Euler angle
definitions.

F, which is given by

K
ii2 dz (3)

where y is the damping ratio of the appendage.
The appendage will be deformed by solar radiation induced

different heating. The thermal bending moment MT at any
section of the appendage about the Y axis is related to the
variation of temperature through the appendage. Now, we
shall make the following assumption regarding the thermal
bending moment; a thermal bending moment MT at any
section of the appendage about the Y axis is assumed to be
governed by the equation

(d/dz)u] (4)

where r is characteristic time, K is a small thermal bending
constant, a is an angle between solar radiation and the normal
to the undeformed appendage. This is the same equation as
proposed and justified by Etkin and Hughes6 for describing
the heat-transfer process across the boom. The work d W done
by the thermal bending moment in an arbitrary displacement
du takes the form

r*+< a2
bW=\ (MT —— du)dz

J * dz2 (5)

Solving Eq. (4) and substituting into Eq. (5) we obtain

The attitude motion of the spacecraft also is affected by
external torques of various forms. These torques are,
however, so small that we neglect them in the following
analysis. Now, in order to perform a dynamic analysis on the
basis of the modal analysis, we represent an elastic defor-
mation by the following series

(7)

where En(z) are normal modes associated with a cantilever
and Pn the expansion coefficients, which are the functions of
time, z = z/t For the functions En (z), we have the equation

(d4/dz4)En(z)-x4nEn(z)=0 (8)

and the boundary conditions

En(£) = (d/dz)En(z)=0 at z = W

( d 2 / d z 2 ) E n ( z ) = ( d s / d z s ) E n ( z ) = 0 at £ = /+ft/r

where \4
n are the eigenvalues of the normal modes En ( z ) . In

addition, they are normalized such that

I ft/f
En(z)Em(z)dz = dn>n (9)

where bn>m is Kronecker's delta. In what follows, attention
will be paid to the case in which the appendages are excited
near the first natural frequency; the nutational frequency is
near the first natural frequency of the appendage. In this case,
the deflection can be approximated by the first mode, i.e.,

u(z,t)=!P1EI(z) (10)

and we shall neglect, in the following, the suffix 1.
Next, in order to specify the instantaneous attitude of the

spacecraft with respect to the inertia space, we shall introduce
an inertia fixed reference frame (X0> Y0, Z0) where the axis
X0 is parallel to solar radiation. The frames (X0, Y0,Z0)and
(X, 7, Z) may be related by specifying three Euler angles 0/,
02, 03 as follows (Fig. 2). Initially the axes X, Y, and Z are
aligned with X0, Y0, and Z0 respectively. Term 03 denotes the
first right-handed rotation about the Z0 axis, 02 denotes a
rotation about the new Y0 axis, and 0/ denotes a rotation
about the X axis. The angular velocity components co/, co2,
and co5 are expressed, using the Euler's angle 0/, 02, and 03, as
follows

w/ = 0y —05sin02

o>2 = 02cos0/ + 03sin

co? = -02sin0/ + 0'3cos0ycos02

The angle a is given by

a. = cos ~ 7 (cos02cos0j)

(lla)

(lib)

(lie)

Old)

The spacecraft is supposed to be controlled so that solar
radiation is in the XZ plane. Besides this condition, we also
shall suppose that the order of magnitude of the time during
which the X axis turns towards solar radiation is small, i.e.,
the order of magnitude of the required time is small compared
with the time interval of the order of the period of nutational
body motions. We therefore can suppose that

3 = (12)

Furthermore, we shall suppose that, in this paper, attitude
motions of the spacecraft are small i.e., the variables 0/, 02,
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and P are small. Equations (1-3 and 6) are, on substituting
Eqs. (10-12), and neglecting small quantities of the fourth
order, reduced to

)B2
2+2(E'E" ]dtf

(13)

(14)

(15)

(16)

where <H!r/A
The dash denotes the derivative with respect to z.

The equations for the generalized coordinates 0y, 02, 0, and
P are, by Lagrange equation, given in the form

(d/dt)(dT/dB1)-(dT/de])=0

(d/dt)(dT/dO'2)=0

(d/dt)(dT/d$)=0

(17)

(18)

(19)

(d/dt) (BT/dP) + (dU/dP) = - (dF/dP) + (bW/bP) (20)

Substituting Eqs. (13-16) in Eqs. (17-20) we obtain for 07, 02,
<t>y and P the equations

i262-iR(je , + $,) = -
j>-(e2e1+e261)=o

(BX
4/t)P= -

(21)

(22)

(23)

(24)

(25)

Substitution of Eq. (25) into Eq. (21), neglecting higher terms,
and integrating once leads to

Eq. (23) easily is solved to obtain

i =A0(a constant)

j + IRA002 = TTO (a small constant) (26)

Substituting Eqs. (25) and (26) to Eqs. (22) and (24),
neglecting higher terms we obtain

(27)

(28)>02P) ] dt'

where k2=(IRA0)2/(I} I2), the nutational frequency,
k*2 = Bx4/ (itf*), the natural frequency of the bending
vibration of the appendage, and C0 = //?A07T0/(/ / 72), a
small constant. The third term in the right-hand side of Eq.

(28) represents a nonlinear coupling between the vibration of
the appendage and the nutational body motion owing to the
solar heating. Now we will investigate this condition. The
nonlinear coupling contributes something of particular in-
terest when the following conditions are satisfied

Case 1

Case 2

(29a)

(29b)

Analysis
Let us first study case 1. Introduce new complex variables a

and b by the equations

(30a)

(30b)

(30c)

(30d)

where J? is the complex conjugate of a complex variable /.
Equations (27) and (28) give for a and b the equations,

x(tieikit/2-i)*e-ikit/2)-(k1/2)2

(31)

••\'-J o

+2(E'E")(deikiiki1'

(32)

where A! =k2- ( k { / 2 ) 2 . Since the parameters A/, 7,
K, and C0 are small, we can suppose that the right-hand side
terms of Eqs. (31), and (32) are small. This means that the
terms a and b vary only slowly with time. Hence, the method
of averaging12 gives a satisfactory approximation to these
equations. Integrating Eqs. (31) and (32)^between the limit t
and f + ^TT/fcj), and considering a and b as remaining con-
stant in this interval, we obtain, as the first approximation,
the equations

6= [ ( /Ay/A:;) -y]b + iK(E'E" >

(33a)

(33b)

Equations (33) can be found to obtain the steady state
solutions,

d = d0 (a constant), b — 0 (34)

Let us now consider the stability of the steady-state solutions,
Eqs. (34). Perturbed motions in the neighborhood of the
solution (34) may be expressed in the form,

(35)
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where dd, db are perturbations. Introducing Eq. (35) into Eqs.
(33) and neglecting higher terms in dd, db, we obtain the
variational equations,

ddr = 0,ddi = 0 (36a)

x [ (1/r) (dojdBr-d^Bi) - (k,/2) (a0j>br

+ d o i d B i ) ] / [ ( i / r ) 2 + ( k j / 2 ) 2 ] (36b)

x [ (1/r) (dordbr + dtdbi) + (k,/2)

x ( d o i d 6 r - d o r d B i ) ] / [ ( l / r ) 2 + ( k 1 / 2 ) 2 ] (36c)

where fr is the real part of a complex variable /and// is the
imaginary part of/.
The characteristic equation of Eq. (36) is as follows:

s2 + 2ys+[y2+(A1/k1)2-[K(E'E")/(k1nt3)]2

x(d2
or + d 2

o i ) / ( ( l / T ) 2 + ( k ] / 2 ) 2 ] } = 0 (37)

as the stability criterion, the roots of the characteristic
equation must not have a positive real part, we have

7>0 (38)

(y/kI)2+(A1/k2
1)2-[K<E'E"y/(k3

1nt3)]2

>0 (39)

If the amplitude a of the variable B2 is introduced, the con-
dition (39) becomes

(y/k1)2+(A1/k2
1)2-(K<E'E")/

xW3k3
1)]2a2

0/(Tk1)2+*/22]>0 (40)

Since we are concerned with a damped mechanical system, the
condition (38) always is fulfilled. Let the condition for
stability, Eq. (40), be represented in Fig. 3 where the system
parameters are given by

y/k ; = 0.05, K/(k3! rf3) =0.6, =0.5 (41)

The shaded area is the region of instability, whereas the
unshaded part is stable. The condition (40) has a simple
physical meaning: if the magnitude of nutational body

STABLE

Fig. 3 Stability chart.

0-1 0-2
T(RAD/S)

motions exceeds ascertain critical value, vibrations of the
appendage absorb the energy, and build up to larger values.

Then, we proceed to study case 2. Introducing new
variables a and b by the equations

P=bei2k*t+b*e-i2kit

(42a)

(42b)

(42c)

(42d)

and substituting them into Eqs. (27) and (28), we obtain

-(2k1)2(bei2k*t+b*e-i2kit)]+C0}e-iki (43)

6=[l/(4ik])](-*2(6ei2ki'+6*e-i2kit)--<Ei)[(ik1)

+ a*e-iki')]-i4k1y(bei2kit-b*e-i2ki')

) \ * e~ <'-'' )/T{ <E" ) - * / 2 [ <£"' > (aeik*tr
J o

(bei2ki1' +6*e-i2k*t')]}dt')e-i2kit (44)

where A2 = k2
2— (2k / ) 2 . Since the right-hand side terms of

Eqs. (43) and (44) are small, we can apply the method of
averaging to obtain approximate solutions to Eqs. (43) and
(44). Application of the method of averaging to these
equations leads to following first approximation equations

d = 0 (45a)

Equations (45) have the steady-state solutions

d=d0 (a constant)

(45b)

(46a)

(46b)

Q
<tr

Fig. 4 Amplitude char-
acteristic of the vibration of
the appendage.

0-1 0-2
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The amplitude R of the vibration of the appendage is, from
Eqs. (46), given by

R=K(E")y2
0/((8k3

lfjit3){(&2/4k2
})

+ ( y / k 1 ) 2 ] [ ( l / r k 1 ) 2 + 4 . 0 ] } ' A ) (47)

In this case, the amplitude of the vibration of the appendage
builds up to a finite value, Eq. (47), through the external
resonance. Figure 4 shows the relationship between A2 and R
in the case where

= 0.05,K/[(2k1)3^3] =0.12, (48)

Finally, we shall investigate the dynamic repsonses of the
system for the resonance mode numerically on the basis of
Eqs. (27) and (28). For case 1, the time-repsonse curves of the
system are shown in Fig. 5. The special case we consider is
that in which the system parameters are given by

= 0.05, K/(ki nt3) =0.06, A,/A:j = (49)

The critical value a = 0.035 rad., beyond which the vibration
of the appendage will become unstable, is predicted by Eq.
(41) for this case. Three different initial values are adopted for
the amplitude of 02, i.e., 0.03 rad. (case a), 0.05 rad. (case b),
0.07 rad. (case c). Case a corresponds to the case where the
system starts with an initial condition in the stable region, the
unshaded part of Fig. 3. In this case, instead of adding energy
by solar heating, energy is withdrawn only by dissipation in
the appendage. Hence, the system may be stable. Cases b and
c correspond to the cases of the system starting with initial
conditions in the unstable region. The solar energy is, in these
cases, introduced into the system; vibrations of the appendage
absorb the energy and transmit it to nutational body motions
of the spacecraft. For the case b, R increases as far as J— 130
sec where R reaches a maximum beyond which it decreases
rapidly, whereas a is damped in the course of time. The result
indicates that, in this case, the withdrawal of energy of the
nutational body motion by dissipation in the appendage
overcomes the injecting of energy by solar heating. This, in
turn, results in the damping of a nutational body motion. On
the other hand, a vibration of the appendage absorbs the solar

0 200 400 600
k,t

Fig. 5a Plot of r against time (Case 1).

0 200 400 600

Fig. 5b Plot of R against time (Case 1).

.m^m^^ —^——_

200 AOO 600

Fig. 6a Plot of r against time (Case 2).

EQ.(47)

200 AOO 600

Fig. 6b Plot of R against time (Case 2).

energy and is amplified until the amplitude of nutational body
motions reaches the stability curve in Fig. 3; then, a further
decrease in the amplitude of nutational body motions results
in the damping of a vibration of the appendage. For case c,
because the adding of energy into the nutational body motion
by solar heating overcomes the withdrawal of energy by the
dissipation in the appendage, the amplitude of the nutational
body motion as well as the amplitude of vibrations of the
appendage is amplified with time. The system may become
unstable to an order of approximation used here. For case 2,
the time-response characteristics of the system are shown in
Fig. 6, where the system parameters are given by

A2/ 4k] = 0.15 (50)

The initial value a = 0.1 rad. is adopted for the amplitude of
02. The result shows that the amplitude of 62 gradually
decreases in the course of time owing to the energy dissipation
in the appendage. The vibration of the appendage, on the
other hand, rapidly builds up to the value, which is predicted
by Eq.(47), and gradually damps as the amplitude of 02
decreases.

Conclusion
In this paper, two types of thermally induced vibration have

been discussed for a flexible appendage attached to a
spacecraft containing a rotor with particular emphasis on the
behavior near resonance. The first type of resonance arises
when the natural frequency of the appendage is ap-
proximately equal to twice the nutational frequency. The
second one arises when the natural frequency of the ap-
pendage is in the neighborhood of half the nutational
frequency. These resonance phenomena can be considered as
an autoparametric excitation of a mechanical system with
several degrees of freedom. The method of averaging is used
to investigate the conditions for the resonance, the stability
condition for the first case [Eq. (40)], and the stationary
amplitude of the vibration for the second case [Eq. (47)] . The
time behaviors of the system also have been investigated
numerically.
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